Abstract. This paper considers metric projections onto a closed subset S of a Hilbert space. If the set S is convex, then it is well known that the corresponding metric projections always exist, unique and directionally differentiable at boundary points of S. These properties of metric projections are considered for possibly nonconvex sets S. In particular, existence and directional differentiability of metric projections for certain classes of sets are established and will be referred to as "nearly convex" sets.
dist(x, S) inf{llx-YlI'Y e S}, and the set-valued metric projection Hs(x) {y e S llx Yll ds(x)}.
We also consider a selection mapping Ps(x) E Hs(x), referred to as a metric projection of X onto S. Of course, Ps(x) is defined only at such points x where the set Hs(x) is nonempty.
In cases when the set S is convex there are some well-known properties of Ps. That is, for all x E X the metric projection Ps(x) exists and is unique, Ps is Lipschitz continous and for every x S, Ps is directionally differentiable at x (see, e.g., Zarantonello [18] ). In this paper we discuss extensions of these results to situations where the set S is not necessarily convex. We also study directional differentiability of Ps at a point x S.
Recall that the contingent (Bouligand) cone to S at x S, denoted by Ts(x) or T(x, S), is formed by vectors y such that there exist xn S, xn --x, and tn --* 0 + with tl(xn x) -y. Its polar (negative dual) cone, Ns(x) {y e X (y,z) <_ 0 for all z e Ts(x)}, will be referred to as the normal cone to S at x. By B(x, r) we denote the ball B(x,r) {Y" IlY-xll <-r}.
It is said that a mapping F X --+ Y, from X into a Banach space Y, is directionally differentiable at x0 (in the sense of Ggteaux) if the directional derivative (1.2) F'(x0, y) lim p(-'x + ty) ' For a discussion of various relations between these concepts of directional differentiability see, e.g., [4] , [9] , and [14] .
We shall use the following variational principle (see [15] Proof. Consider the neighborhood N specified in Definition 2.1, and let r be positive number such that B(xo, r) C N. For any given point x and e > 0 we can find a point z S such that ll: ds() + :. This condition is considerably stronger than the corresponding condition (3.4) and, in infinite-dimensional spaces, does not necessarily hold even for convex sets S. (In finite-dimensional spaces conditions (3.4) and (3.11) are equivalent.) Cones Ts(xo) satisfying (3.3) and (3.11) were called the approximating cones in [12] . 4 . Directional differentiability of metric projections at nonboundary points. In cases when is not contained in S, the metric projection Ps can be directionally nondifferentiable at even if the set S is convex. An example of such convex set S in 3 is given in Kruskal [8] . We show that directional differentiability of Ps follows if the set S is sufficiently "flat" at xo Ps(). With a point and xo Ps() we associate the cone (4.1)
{, e Ts(x0) x0) 0}. [5] , [7] , and [13] ). In this respect condition (iv) ensures that S is sufficiently "directionally flat" at the point x0 Ps(.) and consequently only first-order tangential properties of S at x0 are reflected in formula (4.19 [3] .
Finally we compare Theorem 4.1 with corresponding results of Haraux [6] . It was shown in [6] Haraux's result is an extension of the following construction. Let X X x X2 be the product of two Hilbert spaces X and X2, and let S S x $2, with S being a closed convex subset of X1 and $2 being a closed convex cone in X2. Then it follows from Lemma 4.3 that Ps is directionally differentiable at any point (,2) such that S and 2 S-. Clearly, condition (4.4) does not need to hold here at the corresponding point x0 (, 0).
